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ABSTRACT i 

Cur ren t  Apol lo  A p p l i c a t i o n s  Program s t u d i e s  f o r  l u n a r  
s u r f a c e  m i s s i o n s  are  e v a l u a t i n g  t h e  u s e  o f  a l u n a r  i”1jring u r i i t ,  
(LFU). T h i s  small  a s t r o n a u t - f l o w n  v e h i c l e  can  e x t e n d  l u n m  s u r f a c e  
area e x p l o r a t i o n  c a p a b i l i t y ,  a l l o w  t e r r a i n  i n a c e s s i b l e  by o t h e r  
m o b i l i t y  s y s t e m s  t o  b e  v i s i t e d ,  and p r o v i d e  a s t r o n a u t  s u r f a c e  r e s c u e  
c a p a b i l i t y  from t h e  Lunar Module l a n d i n g  s i t e  i f  two u n i t s  a r e  p r o v i d e d .  

T r a j e c t o r y  models and computer  programs f o r  m u l t i - s t o p  
i m p u l s i v e ,  c o n s t a n t  a l t i t u d e - c o n s t a n t  v e l o c i t y ,  and s e m i - b a l l i s t i c  
t r a j e c t o r i e s  have been developed  f o r  t h e  LFU. The e f f e c t  o f  d i f f e r e n t  
f l i g h t  v a r i a b l e s  has been i n c l u d e d .  

The d e r i v e d  non- impuls ive  t ra<j  e c t o r y  e q u a t i o n s  a r e  
b t r a n s c e n d e n t a l  and l e n g t h y .  A s i m p l e  a l g e b r a i c  approx ima te  a n a l y s i s  h 

-\\ 
h a s  been  deve loped  which y i e l d s  e x c e l l e n t  agreement  w i t h  t h e  e x a c t  
a n a l y s i s  f o r  r e a s o n a b l e  v a l u e s  o f  f l i g h t  v a r i a b l e s .  

The c a p a b i l i t i e s  o f  a b a s e l i n e  v e h i c l e  c o n s i d e p e d  a t  t h e  
Summer S tudy  o f  Lunar  S c i e n c e  and E x p l o r a t i o n , S a n t a  Cruz, C a l i f o r n i a ,  
August 1 9 6 7 ,  a r e  e v a l u a t e d .  

t h e  c ons t a n t  v e l o c i t y  - cons t an t  a1 t i t u d e  t r a j  e c t  o ry  a r e  r e l a t  i v e  lv 

*, ! q! 
, 

The b a s e l i n e  LFU optimum f l i g h t  v e l o c i t v  and r a n g e  f o r  

i 
1 i n s e n s i t i v e  t o  small changes i n  a l t i t u d e  b u t  d e c r e a s e  s i g n i f i c a n t l y  
D w i t h  an  i n c r e a s i n g  number o f  s tops .  Fo r  two and s i x  s t o p  t r i p s  t h e  

r e s p e c t i v e  optimum v e l o c i t i e s  a r e  463  and 147 f t / s e c .  The cor resDond-  
i n g  maximum t o t a l  r a n g e s  for two and s i x  s t o p s  a r e  3 0 . 5  and 9 . 2  m i l e s .  

maximum t o t a l  r a n g e  f u r t h e r  d e c r e a s e  w i t h  an  i n c r e a s i n g  number o f  
s t o p s ,  With a 300  l b  pay load  c a r r i e d  t h e  t o t a l  d i s t a n c e ,  t h e  r a n g e s  
f o r  two and s i x  s t o p s  a r e  1 4 . 9  and 4 . 3  miles  r e s p e c t i v e l y .  The 
c o r r e s p o n d i n g  optimum v e l o c i t i e s  a r e  3 2 4  and 1 0 0  f t / s e c .  

e v a l u a t e d .  A t h r u s t / w e i g h t  r a t i o  o f  a p p r o x i m a t e l y  2:1 a p p e a r s  t o  b e  

) When p a y l o a d  i s  c a r r i e d  b o t h  t h e  optimum h o r i z o n t a l  v e l o c i t v  and 

- 
I. 
(0 

m 

< 
The e f f e c t  of s y s t e m  t h r u s t / w e i g h t  r a t i o  on r a n g e  i s  - 

n * 
I n e a r  t h e  optimum r e l a t i v e  t o  b a s e l i n e  LFU r a n g e  c a p a b i l i  - 

p r o p u l s i o n  sys t em t h r o t t l i n g  r e q u i r e m e n t .  m 

- .  

SEE REVERSE S I D E  FOR D I S T R I B U T I O N  LIST 
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SUBJECT: Lunar  F l y i n g  Un i t  T r a j e c t o r y  
and  S o r t i e  A n a l y s i s  
Case 6 2 0  

TECHNICAL MEMORANDUM 

1 . 0  I N T R O D U C T I O N  

DATE: March 1 5 ,  1 9 6 8  

FROM: J .  W .  Powers 

C u r r e n t  s t u d i e s  f o r  t h e  Apol lo  App i c a t i o n s  Program 
Lunar  S u r f a c e  M i s s i o n s  are e v a l u a t i n g  t h e  u s e  o f  l u n a r  f l y i n g  
u n i t s  (LFU) f o r  s u r f a c e  m o b i l i t y .  Use o f  t h e s e  small  v e h i c l e s  
w i l l  s i g n i f i c a n t l y  i n c r e a s e  t h e  l u n a r  s u r f a c e  area e x p l o r a t i o n  
c a p a b i l i t y  p e r  m i s s i o n  as compared w i t h  f o o t  m o b i l i t y .  The 
LFU a l s o  a l l o w s  t e r r a i n  i n a c c e s s i b l e  t o  o t h e r  m o b i l i t y  sys t ems  
t o  be  t r a v e r s e d .  A s t r o n a u t  l u n a r  s u r f a c e  r e s c u e  c a p a b i l i t y  
f rom t h e  LM l a n d i n g  s i t e  by  t h e  o t h e r  a s t r o n a u t  w i l l  b e  
p o s s i b l e  if two LFU's a r e  p r o v i d e d  p e r  m i s s i m  and i f  t h e  r e s c u e  
LFU p a y l o a d  c a p a b i l i t y  i s  e q u a l  to a second  s u i t e d  a s t r o n a u t ' z  
mass. 

The pu rpose  o f  t h i s  r e p o r t  i s  t o  p e r f o r m  an i n d e -  
penden t  LFU t r a j e c t o r y  s t u d y  and t o  e v a l u a t e  t h e  r a n g e  and 
p a y l o a d  c h a r a c t e r i s t i c s  o f  a LFU b a s e l i n e  c o n f i g u r a t i o n .  
Optimum and r e a l i s t i c  t r a j e c t o r y  bounds are c o n s i d e r e d .  

2 . 0  LFU BASELINE CONFIGURATION 

The b a s e l i n e  LFU c o n f i g u r a t i o n  e v a l u a t e d  i s  one t h a t  
was c o n s i d e r e d  a t  t h e  Summer S t u d v  n f  Lunar  S c i e n c e  2nd E x p l o r a t i o n  
h e l d  a t  S a n t a  Cruz, C a l i f o r n i a ,  July 31 to Augxst 11, 1967. The 
c h a r a c t e r i s t i c s  of  t h i s  v e h i c l e  i n  e a r t h  pounds mass a r e  as 
f o l l o w s :  * 

S t r u c t u r a l  and Tank Weight ,  1 5 0  

S u i t e d  A s t r o n a u t  Weight,  300 

Maximum P r o p e l l a n t  Weight ,  2 3 0  

Maximum Pay load  Weight,  300 

P r o p u l s i o n  and a t t i t u d e  c o n t r o l  are  p r o v i d e d  by two 
g imba led  125 l b  t h r u s t  e n g i n e s  which can  be d i f f e r e n t i a l l y  
t h r o t t l e d  down t o  118th nominal  t h r u s t .  LM d e s c e n t  s t age  

* 
The c u r r e n t  we igh t  p r e d i c t i o n s  are  h i e h e r .  These we igh t  

i n c r e a s e s  and pe r fo rmance  i m p l i c a t i o n s  a r e  d i s c u s s e d  i n  S e c t i o n  7 . 0 .  
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r e s i d u a l  p r o p e l l a n t  can b e  used f o r  t h e  LFU. Based upon da t a  
from Refe rence  (I), t h e  s p e c i f i c  i m p u l s e s  a t  t h e  nominal  and 
minimum t h r u s t  l e v e l s  a r e  285 and 2 5 0  s e e .  The complex a n a l y s i s  
and s y s t e m s  c o n s i d e r a t i o n s  r e l a t i v e  t o  r e s i d u a l  p r o p e l l a n t  u s e  
v s .  l oaded  modular  t a n k s ,  how much r e s i d u a l  p r o p e l l a n t  w i l l  be 
a v a i l a b l e ,  e x t r a c t i o n  and r e f u e l i n g  t e c h n i q u e s  w i l l  n o t  be 
c o n s i d e r e d  h e r e .  

The b a s e l i n e  v e h i c l e  i s  assumed t o  have t h e  f o l l o w i n g  
c a p a b i l i t i e s :  Rise ,  hove r  and descend o v e r  a g i v e n  p o i n t ;  f l y  
a t  n e a r  c o n s t a n t  v e l o c i t y  and  a l t i t u d e ;  and t a k e  o f f  and l a n d  
a t  any d e s i r e d  a t t i t u d e .  

3.0 IMPULSIVE ANALYSIS 

3.1 I n i t i a l  C o n s i d e r a t i o n s  

Because of  t h e  n e a r  p e r f e c t  vacuum above t h e  l u n a r  
s u r f a c e  a t  a l t i t u d e s  o f  i n t e r e s t ,  t h e  optimum LFU t r a j e c t o r y  
r e l a t i v e  t o  p r o p e l l a n t  consumption i s  b a l l i s t i c .  LO l a n d  a t  
z e r o  v e l o c i t y ,  t h e  l aunch  impu l s ive  v e l o c i t y  inc remen t  f o r  a 
g i v e n  r ange  w i l l  have t o  be c o u n t e r a c t e d  by an e q u a l  and 
o p p o s i t e  i m p u l s i v e  v e l o c i t y  inc remen t  a p p l i e d  a t  touchdown. 
S i n c e  b o t h  t h e  r ange  and maximum o r d i n a t e  r eached  by t h i s  
v e h i c l e  w i l l  be small compared w i t h  t h e  l u n a r  r a d i u s ,  t h e  
p a r a b o l i c  t r a j e c t o r y  w i t h  no g r a v i t y  a c c e l e r a t i o n  v a r i a t i o n  
w i t h  h e i g h t  i s  used .  The moon's r o t a t i o n  w i l l  have n e g l i g i b l e  
e f f e c t  on t h e  s h o r t  r a n g e s  b e i n g  c o n s i d e r e d  and i s  i g n o r e d .  

rn 

The a c t u a l  minimum burn  t i m e  o f  t h e  b a s e l i n e  LFU 
c o n f i g u r a t i o n  w i t h  b o t h  e n g i n e s  a t  maximum t h r u s t  i s  2 6 2  s e c . ,  
t h e  u n i t  i s  t h e r e f o r e  f a r  from approach ing  t h e  i m p u l s i v e  optimum. 
I n i t i a l  c o n s i d e r a , t i o n  o f  t h e  s i m p l e  i m p u l s i v e  optimum, however,  
f i x e s  t h e  uppe r  per formance  boundary o f  any LFU c o n f i g u r a t i o n ,  
a l l o w s  q u a l i t a t i v e  comparisons t o  be made, and may p e r m i t  t h e  
f o r m u l a t i o n  o f  " r u l e s  o f  thumb"  a f t e r  t h e  more complex r e a l i s t i c  
f l i g h t  t r a j e c t o r i e s  o f  S e c t i o n s  5 . 0  and 6 . 0  are  e v a l u a t e d .  

Wi th  e l emen ta ry  mechanics i t  i s  e a s i l y  shown t h a t  t h e  
maximum h o r i z o n t a l  r a n g e ,  R ,  o f  a p r o j e c t i l e  on a l e v e l  s u r -  
f a c e  i n  t h e  absence  of d r a g  f o r  a g l v e n  i m p u l s i v e  v e l o c i t y ,  V,  
i n  an  area of l o c a l  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  g ,  i s  
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The l a u n c h  v e l o c i t y  v e c t o r  a n g l e  for maximum r a n g e  i s  45" r e l a t i v e  
t o  t h e  h o r i z o n t 2 l .  P e t u r n  t o  t h e  s u r f a c e  ;'r w i th  t h e  ' aunch  v e l o c i t y  
v .  
i n i t i a l  and f i n a l  t r a j e c t o r y  p o i n t s ,  t h e  maximum r a n g e  for a 
g i v e n  v e l o c i t y  i n c r e m e n t  w i t h o u t  d e c e l e r a t i o n  a t  l a n d i n g  i s  

If t h e r e  i s  a d i f f e r e n c e  i n  e l e v a t i o n ,  H ,  between t h e  

R = 2 v ' h  ( h  - + H )  , 

. The optimum a n g l e  o f  p r o j e c t i o n ,  a, f o r  t h e  where  h = - 

t r a j e c t o r y  w i t h  a d i f f e r e n c e  i n  e l e v a t i o n  between t h e  l a u n c h  
and  l a n d i n g  p o i n t s  i s  

v2 
2 g  

The p l u s  s i g n  i s  u s e d  when t h e  i n i t i a l  p o i n t  i s  above t h e  
t e r m i n a l  p o i n t  and t h e  minus s i g n  i s  used  when t h e  i n i t i a l  
p o i n t  i s  below t h e  t e r m i n a l  p o i n t .  Only t r a j e c t o r i e s  which 
o r i g i n a t e  and t e r m i n a t e  a t  t h e  same e l e v a t i o n  a re  f u r t h e r  
c o n s i d e r e d .  

I f  t h e  t o t a l  i m p u l s i v e  v e l o c i t y  inc remen t  c a p a b i l i t y  
of a LFU i s  V,  t h e  maximum h o r i z o n t a l  r a n g e  w i t h  one s t o p  and  
r e t u r n  t o  t h e  p o i n t  o f  p r o j e c t i o n  w i t h  z e r o  v e l o c i t y  i s  
- * 
R = -  (:)*. The a v a i l a b l e  v e l o c i t y  i n c r e m e n t  must b e  e q u a l l y  
a p p o r t i o n e d  t o  t h e  b e g i n n i n g  and end o f  b o t h  t h e  o u t  and r e t u r n  
f l i g h t  s egmen t s .  

* 
O n  l i n e a r  Daths  a bar i s  used  o v e r  t h e  r a n g e  symbol when - 

a r e t u r n  t r i p  i s  employed. R i s  t h u s  h a l f  t h e  t o t a l  d i s t a n c e  
t r a v e l e d  on any l i n e a r  P a t h .  For one s t o p  away from t h e  o r i g i n ,  

R = R / 4 .  
- 
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3 . 2  I m p u l s i v e  V e l o c i t y  and M u l t i p l e  S t o p s  

If t h e r e  are N i n t e r m e d i a t e  s t o p s  of d i s t a n c e  ai on 
a s t r a i g h t  l i n e  p a t h  p r i o r  t o  r e t u r n  to t h e  p o i n t  of d e D a r t u r e ,  

The t o t a l  v e l o c i t y  i n c r e m e n t ,  AVi, f o r  t h e  d i s t a n c e  ai i s  

. S i n c e  ai i s  p r o p o r t i o n a l  t o  R ,  AVi - 

The v e l o c i t y  i n c r e m e n t ,  AVN + f o r  t h e  r e t u r n  t r i p  i s  

2vs. 
of the i n d i v i d u a l  i n c r e m e n t s ,  t h e  r a n g e  i s  

S i n c e  t h e  t o t a l  v e l o c i t y  i n c r e m e n t ,  V ,  i s  t h e  sum 

V2 
- 
R =  Y 

4 g  + 
N 

1 

c 
L I’ 

(4) 

1 If t h e  d i s t a n c e s  ai a re  e q u a l ,  K = 

t o  
and Equa t ion  ( 4 )  r e d u c e s  

- 
V2 R =  2 

4 g (1 +fi) 
Y (5) 
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E q u a t i o n  ( 5 )  which y i e l d s  t h e  i m p u l s i v e  s t r a i g h t  l i n e  r a n g e  as 
a f u n c t i o n  of t h e  number of s t o p s  for t h e  b a s e  l i n e  LFU i s  
shown i n  F i g u r e  I ,  

I n  t h e  most p r o b a b l e  m u l t i p l e  s t o p  f l i g h t  n l a n ,  t h e  
d i s t a n c e s  between t h e  i n d i v i d u a l  s t o p s  will n o t  l i e  on a 
common s t r a i g h t  l i n e .  With a p o l y g o n a l  p a t h ,  t h e  r a n g e  w i l l  
b e  g r e a t e r  t h a n  tl-.at i n d i c a t e d  by E q u a t i o n s  ( 4 )  and ( 5 )  s i n c e  
t h e  d i s t a n c e  back w i l l  a l w a y s  be l ess  t h a n  t h e  sum of t h e  
d i s t a n c e s  t o  t h e  l a s t  s t o p .  

F o r  t h e  p o l y g o n a l  p a t h  w i t h  N s t o p s  p r i o r  t o  r e t u r n  
t o  t h e  d e p a r t u r e  p o i n t ,  t h e r e  will be  ( N  + 1) segments  o f  
l e n g t h  Xi R .  F o r  t h i s  c a s e  t h e  t o t a l  r a n g e  i s  

v2 R =  J - 
N t 1  

i = l  - 31 
If t h e  polygon s i d e s  a r e  of e q u a l  i e n g t n ,  K = - 1 

N + 1  
and E q u a t i o n  ( 6 )  r e d u c e s  t o  
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It s h o u l d  be n o t e d  t h a t  t h e  r ange  g i v e n  b y  E q u a t i o n s  ( 6 )  and 
( 7 )  i s  t h e  t o t a l  po lygona l  p a t h  t r a v e l e d  w h i l e  t h a t  g i v e n  b y  
E q u a t i o n s  (4) and ( 5 )  i s  ha l f  t h e  l i n e a r  d i s t a n c e  t r a v e l e d .  
E q u a t i o n  ( 7 )  i s  a l s o  shown i n  F i g u r e  I . For one s t o p  p r i o r  
t o  r e t u r n ,  t h e  p o l y g o n a l  p a t h  shows a t o t a l  r a n g e  o f  t w i c e  
t h a t  of  t h e  l i n e a r  p a t h .  T h i s  i s  of  c o u r s e  t h e  l i m i t i n g  c a s e  
of a two s i d e d  polygon ( s t r a i g h t  l i n e ) .  The d e c r e a s i n g  r ange  o f  
b o t h  t h e  p o l y g o n i i l  and l i n e a r  p a t h  s o r t i e s  as a f u n c t i o n  o f  an 
i n c r e a s i n g  number o f  s t o p s  i s  s h o r n  i n  P i q u r e  I .  

3 . 3  Impu l s ive  V e l o c i t y  w i t h  Payload Carry  Out or Retu rn  

T h i s  mode i s  e v a l u a t e d  i n  a manner s i m i l a r  to t h e  
p r e v i o u s  example e x c e p t  for c o n s i d e r a t i o n  o f  change i n  v e h i c l e  
mass f r a c t i o n  a t  t h e  t i m e  t h e  payload  i s  d e p o s i t e d  or l o a d e d .  
For a one s t o p  t r i p ,  t h e  t o t a l  v e l o c i t y  inc remen t  f o r  t h e  t r i p  
o u t  must e q u a l  t h e  t o t a l  v e l o c i t y  inc remen t  f o r  t h e  t r i p  back .  
T h i s  r e q u i r e s  t h a t  t h e  v e h i c l e  mass f r a c t i o n s  f o r  t h e  two t r i p  
segments  be  e q u a l .  The f o l l o w i n g  q u a n t i t i e s  a re  d e f i n e d :  

MO 
I n i t i a l  LFU mass, 

Mp 
P r o p e l l a n t  mass, 

F i n a l  mass,  Mf = Mo - M 
P 

Payload  mass, P 

P r o p e l l a n t  mass f c r  t r i p  eL;t, ( P a y l o a d  from s t o p )  1’ 
m 2 ,  (Pay load  t o  s t o p )  

E f f e c t i v e  e x h a u s t  v e l o c i t y ,  C 

I f  t h e  pay load  i s  c a r r i e d  from t h e  s t o p  t o  t h e  s t a r t i n g  p o i n t ,  
t h e  v e h i c l e  mass f r a c t i o n  e q u a l i t y  f o r  t h e  two t r i p  segments  i s  

+ P  
MO - - Mo - ml 

Mo - ml Mf + P 
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1 < yo S o l v i n g  for ml u s i n g  r o o t  w i t h  n e g a t i v e  s i g n  s i n c e  m 

With t h i s  v a l u e  of m t h e  r ange  i s  1 

I 1 2  

J ‘Mo - ml’ L c 

- 
9 

4 a  R1 - 

If t h e  payload  i s  c a r r i e d  f r o m  t h e  i n i t i a l  p o i n t  to 
t h e  s t o p ,  t h e  v e h i c l e  mass f r a c t i o n  e q u a l i t y  f o r  t h e  two t r i p  
segments  i s  

Mo - m2 

Mf 

Mo + P 
- - 

+ P  Mo - m2 

s o l v i n g  for m2 u s i n g  root w i t h  n e g a t i v e  s i g n  s i n c e  m2 < Mo 

P2 m 2 = M  M f ( M o + P ) + F  
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w i t h  t h i s  v a l u e  o f  m2 t h e  range  i s  

r 

R2 

E q u a t i o n s  ( 8 )  and ( 9 )  a r e  shown i n  F i g u r e  11. For any 
g i v e n  pay load  t h e  r a n g e  i s  g r e a t e r  when t h e  payload  i s  
c a r r i e d  t o  t h e  s t o p  a s  compared w i t h  r e t u r n i n g  t h e  same mass 
p a y l o a d  from t h e  s t o p .  A s  t h e  pay load  mass i n c r e a s e s ,  t h i s  
r a n g e  d i f f e r e n c e  i s  seen  t o  i n c r e a s e ,  

3 .4  Impu l s ive  V e l o c i t y  w i t h  M u l t i p l e  Stops and Payload Returned  

If t h e r e  a r e  N equa l ly - spaced  s t o p s  on a s t r a i g h t  l i n e  
p a t h  w i t h  l o a d i n g  o f  t h e  pav load ,  P ,  a t  t h e  u t h  stop, t h e  t o t a l  
v e l o c i t y  i n c r e m e n t s  to t h e  l o a d i n g  s t o p ,  AVl, and for t h e  remain-  
i n g  t r i p  segments ,  A V ~ ,  a r e  
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where mg i s  t h e  p r o p e l l a n t  consumed i n  t r a v e l i n g  t o  t h e  B t h  

s t o p .  E l i m i n a t i n g  2$y f rom t h e  above e q u a t i o n s  y i e l d s  
a n  e q u a t i o n  c o n t a i n i n g  t h e  p r o p e l l a n t  mass to t h e  B t h  s t o p  i n  
terms o f  t r i p  c o n s t a n t s .  

C 

=I MO 

B Mo - m 
No - mB + P 

Mf + P - 

The one way r a n g e  may be  de t e rmined  by  s o l v i n g  f o r  mg n u m e r i c a l l y  
and  i n s e r t i n g  I n  E q u a t i o n  (1G). F i g u r e  I11 shows t h e  b a s e l i n e  
LFU s t r a i g h t  l i n e  r a n g e  as  a f u n c t i o n  o f  b o t h  t h e  p a y l o a d  and 
number of s t o p s  for pay loads  r e t u r n e d !  f rom t h e  l a s t  s t o p  p r i o r  
t o  r e t u r n  ( B  = N ) .  

C o n s i d e r  N s t o p s  i n  a p o l y g o n a l  t r a v e r s e  w i t h  e q u a l  

l e n g t h  segments  and oay load  r e t u r n e d  from t h e  Bth  s t o p .  
a t o t a l  t r a v e l e d  r a n g e ,  R ,  w i t h  N s t o p s  p r i o r  t o  r e t u r n  t o  t h e  

F o r  

) .  The t o t a l  o r i g i n ,  t h e  l e n g t h  o f  e a c h  segment w i l l  be (- R 
N + 1  

v e l o c i t y  i n c r e m e n t  r e q u i r e d  t o  t h e  Bth  s t o p  i s  

The v e l o c i t y  inc remen t  f o r  t h e  r e m a i n i n g  l e g s  of  t h e  t r a v e r s e  
a f t e r  t h e  p a y l o a d  h a s  been loaded  i s  
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where mB i s  t h e  p r o p e l l a n t  consumed i n  t r a v e l i n g  t h e  d i s t a n c e ,  

(N + 1 ) R .  E l i m i n a t i n g  t h e  q u a n t i t y  ' d !  + f rom E q u a t i o n s  

(11) and (12) y i e l d s  

E q u a t i o n  ( 1 3 )  can b e  s o l v e d  n u m e r i c a l l y  f o r  m 
v a l u e s  of  N ,  B and P .  
E q u a t i o n  (ll), t h e  t o t a l  range  f o r  t h e  
may be de t e rmined  a s  a f u n c t i o n  o f  t h e  payload  and number of  
i n t e r m e d i a t e  s t o p s .  F i g u r e  I V  shows t h e  b a s e l i n e  LFU 
r a n g e  for d i f f e r e n t  v a l u e s  of N and P f o r  t h e  c a s e  o f  a pay- 
l o a d  r e t u r n e d  from t h e  l a s t  s t o p  p r i o r  t o  r e t u r n  ( B  = N). 
The b a s e l i n e  LFU range  f o r  t h e  f l i g h t  oDtion of r e t u r n i n  
p a y l o a d  from d i f f e r e n t  l o a d i n g  s t o p s  i s  shown i n  F i g u r e  $.a 

w i t h  a s s i g n e d  B 
With t h e s e  v a l u e s  o f  mB s u b s t i t u t e d  i n  

b a s e l i n e  c o n f i g u r a t i o n  
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S e c t i o n  3 . 0  c o n s i d e r e d  t h e  o ~ ~ i r n u m  LF Lst  b a l  
t r a j e c t o r y  r e s u l t i n g  from impu l s ive  v e l o c i t y  i n c r e m e n t s .  
T h i s  s e c t i o n  c o n s i d e r s  t he  more r e a l i s t i c  problem o f  

. C  

v e r t i c a l l y  r i s i n g  above a p o i n t  on t h e  l u n a r  s u r f a c e  t o  
a f i x e d  a l t i t u d e , h o v e r i n g  for a t ime ,and  r e t u r n i n g  t o  t h e  
o r i g i n  w i t h  z e r o  v e l o c i t y .  * Maximum hover  t i m e  f o r  any 
a l t i t u d e  w i l l  o c c u r  i f  maximum t h r u s t  i s  used i n  t h e  
a s c e n t  and d e c e n t  phases  t o  minimize t h e  g r a v i t y  loss. 

T h i s  problem i s  ana lyzed  by f i r s t  c o n s i d e r i n g  
z e r o  hove r  a l t i t u d e .  The s l i g h t  v a r i a t i o n  of s p e c i f i c  
impu l se  w i t h  t h r u s t  d u r i n g  t h e  v a r i a b l e  t h r u s t  hove r  phase  
i s  n e g l e c t e d  i n  t h i s  a n a l y s i s ,  
F ,  must e q u a l  t h e  v e h i c l e  weight  

A t  t i m e ,  t ,  t h e  LFU t h r u s t ,  

F 

o r  

R 

t 
A ( t ) C  = ( N o  - 1 i ( t ) d t )  g 

0 

where m ( t )  i s  t h e  t i m e  v a r y i n g  p r o p e l l a n t  mass f low r a t e .  With 
e l e m e n t a r y  dynamics** t h e  r e l a t i o n s h i p  between hove r  t i m e ,  tH, and 
p r o p e l l a n t  mass, M f o r  a h o v e r i n g  v e h i c l e  i s  P J  

P 
Mo - M 

S o l v i n g  f o r  tH 

tH - - -- I n  (1 - M ~ / M ~ )  
g 

J 
( 1 4 )  I 

*If V i s  t h e  v e l o c i t y  increment  c a p a b i l i t y  o f  a v e h i c l e ,  

**By i n t e g r a t i o n  of Mg = -C dM/dt 

t h e  hove r  t ime  a t  z e r o  a l t i t u d e  5 s  v/g- 
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F i g u r e  V I  shows maximum hover  t ime  as a f u n c t i o n  o f  v e h i c l e  

p r o p e l l a n t  f r a c t i o n  (2). It i s  i n t e r e s t i n g  t o  n o t e  t h a t  f o r  

a g i v e n  p r o p e l l a n t  s p e c i f i c  impu l se ,  t h e r e  i s  no f i n i t e  l i m i t  
on t h e  maximum hover  t ime  a t t a i n a b l e  i f  t h e  v e h i c l e  p r o p e l l a n t  
f r a c t i o n  approaches  one.  The hove r  t i m e  a t  z e r o  a l t i t u d e  for 
t h e  b a s e l i n e  LFU i s  11.9 rnin.  w h i l e  t h e  l i m i t i n g  h o v e r  t i m e  for 
a v e h i c l e  w i t h  a 0 . 9  p r o p e l l a n t  f r a c t i o n  i s  6 6 . 3  rnin. 

above t h e  l u n a r  s u r f a c e ,  t h e  a s c e n t  phase i s  f i r s t  c o n s i d e r e d .  

The i n s t a n t a n e o u s  a c c e l e r a t i o n , y ,  a t  any t i m e  o f  t h e  powered 
a s c e n t  phase  i s  

M 

’ Mo 

To d e t e r m i n e  t h e  hover  t ime a t  d i f f e r e n t  a l t i t u d e s  

.. 

mC .. 
Y =  - g  

Mo - m t  

The p r o p e l l a n t  mass f low r a t e ,  m ,  i s  t h a t  c o n s t a n t  v a l u e  which 

y i e l d s  maximum t h r u s t .  Th i s  m w i l l  minimize t h e  p r o p e l l a n t  

expended t o  r e a c h  a s p e c i f i e d  a l t i t u d e .  I n t e g r a t i n g  y t w i c e  
and i n s e r t i n g  a p p r o p r i a t e  l i m i t s  y i e l d s  t h e  a l t i t u d e ,  h , 
a t t a i n e d  d u r i n g  t h e  powered p o r t i e n  o f  t h e  a s c e n t  t r a j e & t o r g .  

.. 

2 

(15) m m C M  

0 

t A )  I n  (1 - - 
h A  m MO 

vA 
A t  t h e  a l t i t u d e ,  hA,  t h e  LFU w i l l  have  a v e l o c i t y ,  
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I f  t h e  e n g i n e s  are s h u t  down a t  t h e  a l t i t u d e  h A ,  t h e  v e h i c l e  w i l l  

c o a s t  t o  an  a d d i t i o n a l  h e i g h t  i n c r e m e n t  h c  where a l l  t h e  k i n e t i c  
e n e r g y  has been  c o n v e r t e d  into p o t e n t i a l  e n e r g y .  The t o t a l  
h e i g h t ,  H ,  a t t a i n e d  by t h r u s t i n g  f o r  t i m e  t i s  

A 

H = h A + h  
C 

where 

2 

Afte r  a l g e b r a i c  s i m p l i f i c a t i o n  

where 

E q u a t i o n  ( 1 6 )  i n  d i f f e r e n t  fo rma t  i s  shown i n  R e f e r e n c e  ( 2 ) .  

The h o v e r  t i m e ,  tH, i s  d e t e r m i n e d  from E q u a t i o n  ( 1 4 )  
c o n s i d e r i n g  t h e  p r o p e l l a n t  appor t ionmen t  f o r  t h e  t h r e e  powered 
p h a s e s  

I 
Mo - m tA  
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a t e s  t h e  t o t a l  p r o p e l l a n t  d i v i s i o n  
d u r i n g  t h e  t h r e e  powering p h a s e s ,  a s c e n t ,  hove r  and d e s c e n t .  
R e t r o  v e l o c i t y  i s  p r o v i d e d  by e n g i n e  o p e r a t i o n  a t  f u l l  t h r u s t  
f o r  t h e  d e s c e n t  t i m e ,  tD. With f r e e  f a l l  f o r  a d i s t a n c e ,  hD,  

f rom t h e  hove r  a l t i t u d e ,  H ,  p r i o r  t o  e n g i n e  i g n i t i o n ,  a v e l o c i t y  
i s  a c q u i r e d .  A z e r o  v e l o c i t y  l a n d i n g  w i t h  e n g i n e  i g n i t i o n  

a t  an a l t i t u d e  H - hD above t h e  l u n a r  s u r f a c e  r e q u i r e s  a r e t r o  
v e l o c i t y  

(18.1) 

* The d i s t a n c e  t r a v e l e d  d u r i n g  t h e  powered d e s c e n t  phase w i t h  
i g n i t i o n  a t  an a l t i t u d e  H - hD i s  

2 

t D  t ) In ( l - y D  tD)  + y D  tD =GDtD + - H - h + - (1- , 
(18.2) 

2 ' [  'D ' D D  1 
i s  d e f i n e d  on Page 1 6  YD 

E q u a t i o n s  (16), (17), ( 1 8 . 1 )  and ( 1 8 . 2 )  a re  s o l v e d  n u m e r i c a l l y  f o r  
h o v e r  t i m e  as a f u n c t i o n  o f  h o v e r  a l t i t u d e .  T h i s  r e l a t i o n s h i p  f o r  
t h e  b a s e l i n e  LFU i s  shown i n  F i g u r e  V I 1  and e x h i b i t s  t h e  d e c r e a s -  
i n g  hove r  t i m e  w i t h  i n c r e a s i n g  a l t i t u d e .  

5 . 0  CONSTANT ALTITUDE AND CONSTANT H O R I Z O N T A L  VELOCITY TRAJECTORY 

With  t h e  i m p u l s i v e  t r a j e c t o r y ,  t h e  r e s u l t a n t  r a n g e  segment 
i s  d e t e r m i n e d  by t h e  magnitude and i n c l i n a t i o n  o f  t h e  a p p l i e d  
v e l o c i t y  i n c r e m e n t .  I n  a c o n s t a n t  v e l o c i t y - c o n s t a n t  a l t i t u d e  
t r a j e c t o r y ,  t h e  LFU t h r u s t  i s  m a i n t a i n e d  e q u a l  t o  t h e  i n s t a n t a n e o u s  
l u n a r  v e h i c l e  we igh t  a f t e r  a d e s i r e d  h o r i z o n t a l  v e l o c i t y  and 
a t t i t u d e  a r e  a t t a i n e d .  T h i s  t r a p e z o i d i a l  shaped t r a j e c t o r y  a l l o w s  
t h e  s e l e c t i o n  o f  any l a n d i n g  p o i n t  a l o n g  t h e  l i n e  of  f l i g h t  w i t h o u t  
AV l o s s  if t h e  p o i n t  i s  obse rved  i n  t i m e  t o  r e t r o .  The c o n s t a n t  
a l t i t u d e - c o n s t a n t  v e l o c i t y  t r a j e c t o r y  i s  a v a r i a n t  o f  t h e  h o v e r i n g  
a n a l y s i s  deve loped  i n  S e c t i o n  4 . 0 .  Dur ing  t h e  a s c e n t  phase,  t h e  
LFU r i s e s  a t  f u l l & h r u s t  and c o n s t a n t  a t t i t u d e ,  4 ,  w i t h  r e s p e c t  t o  
t h e  l u n a r  s u r f a c e .  A t  an a l t i t u d e  where t h e  d e s i r e d  h o r i z o n t a l  

* 
If m t A  i s  small  compared w i t h  M o ,  tD  t A M f / M o .  

** 
A c t u a l  f l i g h t  p r o f i l e s  will most p r o b a b l v  i n c l u d e  s h o r t  

segments  of v e r t i c a l  f l i g h t  a t  t h e  s t a r t  and f i n i s h  o f  e a c h  
t r a j e c t o r y  e l e m e n t .  
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v e l o c i t y  component, Vx,  i s  r eached  t h e  e n g i n e s  a re  s h u t  down * and 

t h e  v e r t i c a l  v e l o c i t y  component c a u s e s  t h e  v e h i c l e  t o  c o a s t  t o  t h e  
o p e r a t i n g  a l t i t u d e ,  H. H o r i z o n t a l  f l i g h t  i s  a t  c o n s t a n t  a l t i t u d e  
w i t h  t h e  t h r u s t  m a i n t a i n e d  e a u a l  t o  t h e  
w e i g h t .  Descent  i s  accompl ished  a t  a c o n s t a n t  a t t i t u d e ,  8 , w i t h  
b o t h  t h e  h o r i z o n t a l  and v e r t i c a l  v e l o c i t y  components b e i n g  r educed  
t o  z e r o  a t  l a n d i p g .  An unpowered c o a s t  phase  i s  used  between t h e  
end  o f  t h e  h o v e r  phase  and s t a r t  o f  powered d e s c e n t .  

The a l t i t u d e ,  H ,  i s  r e a c h e d  w i t h  t h e  e n g i n e s  o D e r a t i n g  
a t  maximum t h r u s t  a t  a c o n s t a n t  a n g l e ,  9 ,  t o  t h e  h o r i z o n  for t h e  
t i m e ,  t A .  
t i m e ,  
E q u a t i o n  ( 1 6 )  i s  r e p l a c e d  by C s i n  4 .  

e x p o n e n t i a l l y  d e c r e a s i n p  

To  d e t e r m i n e  t h e  a l t i t u d e  H as a f u n c t i o n  o f  t h e  a s c e n t  
and a t t i t u d e , @ ,  t h e  c h a r a c t e r i s t i c  v e l o c i t y ,  C ,  i n  t A ’  

F i g u r e  V I 1 1  shows t h e  c o n s t a n t  v e l o c i t y - c o n s t a n t  
a l t i t u d e  t r a j e c t . o r y  model.  

The h o r i z o n t a l  v e l o c i t y  component, Vx ,  can  be w r i t t e n  i n  terms 
o f  t h e  a s c e n t  and d e s c e n t  phase mass f r a c t i o n s ,  a t t i t u d e  a n g l e s ,  
and t i m e s .  
a t  maximum t h r u s t  . The powered p o r t i o n  of t h e  d e s c e n t  phase  i s  conduc ted  

Y f + m t  
Vx = C cos  @ I n  = c cos  e I n (  Mf D ), ( 2 0 )  

* I n  p r a c t i c e  t h e  LFU e n g i n e s  would n o t  be s h u t  down d u r i n g  
any f l i g h t  b u t  would be  t h r o t t l e d  down t o  minimum t h r u s t  which 
i s  a p p r o x i m a t e l y  one - e i g h t h  t h e  nominal  v a l u e .  Although t h i s  
r e f i n e m e n t  w i t h  i t s  a t t e n d a n t  c o m p l e x i t y  cou ld  be  i n t r o d u c e d  
i n t o  t h e  a n a l y s i s ,  assuming z e r o  t h r u s t  f o r  t h e  c o a s t  phases  
w i l l  n o t  i n t r o d u c e  s i g n i f i c a n t  e r r o r  i n  t h e  r e s u l t s .  



* 
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E q u a t i o n  (20) r e q u i r e s  t h a t  t he  sum of t h e  h o r i z o n t a l  v e l o c i t y  
components be  z e r o  a t  l a n d i n g .  Dur ing  t h e  powered d e s c e n t  p h a s e  
t h e  sum of  p o s i t i v e  and n e g a t i v e  d i s p l a c e m e n t s  i s  z e r o  

J 

A t  t h e  end of the  h o v e r  phase t h e  LFU f r e e  f a l l s  
p r i o r  t o  i n i t i a t i o n  o f  c o n s t a n t  a t t i t u d e -  tcD) f o r  a t i m e ,  

c o n s t a n t  t h r u s t  powered d e s c e n t .  A t  t h e  i n s t a n t  o f  l a n d i n g  
t h e  sum of  t h e  v e r t i c a l  v e l o c i t y  components i s  z e r o  

(21.1) 

The h o r i z o n t a l  r a n g e ,  R ,  c o n s i s t s  o f  t h r e e  s e g m e n t s ,  
R Rv, and R e .  R and R e  a r e  t h e  h o r i z o n t a l  p r o j e c t i o n s  o f  
t he  powered p o r t i o n s  o f  t h e  a s c e n t  p h a s e  and  d e s c e n t  p h a s e  
t r a j e c t o r i e s .  

4 ’  4 

where 

- m 
Mf + m tD Y D  - 
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The c e n t e r  r a n g e  segment ,  R V y  i s  f lown a t  t h e  c o n s t a n t  
h o r i z o n t a l  v e l o c i t y ,  V x ,  and i n c l u d e s  t h e  hove r  t i m e  p l u s  

t h e  a s c e n t  and d e s e n t  c o a s t  t imes .  
t h e  t i m e  from t h e  end of t h e  pwJered a s c e n t  p h a s e  t o  a r r i v a l  a t  
a l t i t u d e ,  H ,  w i t h  z e r o  v e r t i c a l  v e l o c i t y .  * 

Ascent  c o a s t  t i m e ,  tcA, i s  

A 
M o - m t  

The r ange  segment ,  F? i s  t h e  p roduc t  of t h e  c o n s t a n t  
h o r i z o n t a l  v e l o c i t y ,  Vx,and t h e  sum o f  t h e  c o a s t  and hove r  
t imes.  Using E q u a t i o n s  ( 1 7 )  and ( 2 4 )  y i e l d s  t h e  c o n s t a n t  
v e l o c i t y  r ange  segment .  Descent  coas: t i m c  may b e  e l i m i n P t e d  
f rom ( 2 5 )  and ( 2 6 )  w i t h  ( 2 1 . 1 ) .  

v ,  

By a d d i n g  Equa t ions  (22), ( 2 3 )  and ( 2 5 )  and e l i m i n a t i n g  
c o s  e from E q u a t i o n  ( 2 3 )  by  u s e  of  Equa t ion  ( 2 0 ) ,  t h e  t o t a l  
one s t o ~  rage, R ,  is 

r 7 

n 
T o t a l  f l i g h t  t i m e  i s  (tA t tcA+ tH + tCD + t D )  
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1 . 1 L l  
1 

To de te rmine  t h e  LFU r ange  w i t h  r e t u r n  c a p a b i l i t y ,  
E q u a t i o n  ( 2 6 )  must be e q u a l  for b o t h  t h e  ou t  and r e t u r n  t r i p  
segments  f o r  a g i v e n  t o t a l  p r o p e l l a n t  mass. If t h e  r ange  
e q u a t i o n s  for t h e  o u t  segment,  R1, and r e t u r n  segment ,  
a r e  w r i t t e n  s y m b o l i c a l l y  i n  terms of t h e  i n i t i a l  mass, 
and p r o p e l l a n t  mass, DI . t h e  s o l u t i o n  may be i n d i c a t e d  f o r  
an i t e r a t i v e  comput,ation 

R2 , 
MO , 

P’  

s u b j e c t  t o  t h e  f o l l o w i n g  c o n d i t i o n s :  

M o l  = Mo 

P2 
M = M  t M  

P P l  

n 
If a pay load  mass i s  r e t u r n e d ,  i t  must b e  i n c l u d e d  i n  Vo2 
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The l aunch  ar ,gle ,  4 ,  and t h e  h o r i z o n t a l  f l i g h t  
v e l o c i t y ,  Vx, are  n o t  independent  o f  t h e  LFU c h a r a c t e r i s t i c s  
s i n c e  t h e  v e r t i c a l  t h r u s t  component must exceed  t h e  v e h i c l e  
l u n a r  w e i g h t  i f  any a l t i t u d e  i s  t o  be a t t a i n e d .  For z e r o  
o p e r a . t i o n a 1  a l t i t u d e ,  t h e  f l i g h t  a t t i t u d e  a n g l e  i s  

A t  z e r o  t i m e  t h i s  a n g l e  i s  26.7O f o r  t h e  b a s e l i n e  LFU. I f  
t h i s  d e c r e a s i n g  a n g l e  i s  m a i n t a i n e d  a t  i t s  minimum v a l u e  u n t i l  
a r e q u i r e d  h o r i z o n t a l  v e l o c i t y  i s  deve loped ,  t h e  v e h i c l e  w i l l  
n o t  r i s e  above t h e  l u n a r  s u r f a c e  and minimum a c c e l e r a t i o n  
t i m e  o c c u r s .  The nonuniform l u n a r  s u r f a c e  and v i s i b i l i t y  
c o n s i d e r a t i o n s  r e q u i r e  a t r a j e c t o r y  w i t h  f i n i t e  a l t i t u d e .  With 
i n c r e a s i n g  l a u n c h  a n g l e s  a l o n g e r  t i m e  i s  r e q u i r e d  t o  d e v e l o p  
a g i v e n  h o r i z o n t a l  v e l o c i t y  and t h e  a l t i t u d e  a t t a i n e d  i n c r e a s e s  
c o r r e s p o n d i n g l y .  T h i s  t y p e  of t r a j e c t o r y  c o u l d  i n c o r p o r a t e  a 
t u r n  r a t e ,  4 = $ ( t ) ,  f o r  t h e  t r a n s i t i o n  t o  and from t h e  h o v e r  
p h a s e .  A v a r i a b l e  t h r u s t  p r o f i l e  cou ld  a l s o  be  u t i l i z e d  t o  
e l i m i n a t e  b o t h  t h e  c o a s t  a s c e n t  and c o a s t  d e s c e n t  Dhases .  

F o r  a g i v e n  v e h i c l e ,  an uppe r  l i m i t  e x i s t s  on t h e  
l aunch  a n g l e  t o  a t t a i n  a g iven  h o r i z o n t a l  v e l o c i t y  component. 
A t  t h i s  l i m i t  t h e  t r a j e c t o r y  shape i s  t r i a n g u l a r  s i n c e  t h e  
t i m e  o f  f l i g h t  a t  c o n s t a n t  a l t i t u d e  w i l l  b e  z e r o .  T h i s  shape 
i s  a consequence of consuming a l l  t h e  p r o p e l l a n t  i n  t h e  a s c e n t  
and d e s c e n t  phases.  With maximum a s c e n t  a n g l e  and a g i v e n  
h o r i z o n t a l  v e l o c i t y ,  t h e  range w i l l  be  minimum and t h e  a l i t u t d e  
a maximum. A r e p r e s e n t a t i o n  o f  t h e  minimum and 
i n t e r m e d i a t e  r ange  t r a j e c t o r i e s  i s  shown i n  F i g u r e  V I I I .  

F i g u r e  I X  shows the r e l a t i o n s h i p  between t r a j e c t o r y  
h e i g h t  and a s c e n t  a n g l e  f o r  d i f f e r e n t  f l i g h t  v e l o c i t i e s .  The 
r e l a t i o n s h i p  between r a n g e  and a s c e n t  a n g l e  f o r  d i f f e r e n t  f l i g h t  
V e l o c i t i e s  i s  shown i n  F i g u r e  X .  The i n s e n s i t i v i t y  o f  r a n g e  
v a r i a t i o n  w i t h  i n c r e a s i n g  a s c e n t  a n g l e s  f o r  low f l i g h t  v e l o c i t i e s  
i s  a p p a r e n t .  The t o t a l  f l i g h t  times f o r  d i f f e r e n t  f l i g h t  v e l o c i t i e s  
as a f u n c t i o n  o f  a s c e n t  ang le  i s  shown i n  F i g u r e  X I .  T h e  d e c r e a s -  
i n g  f l i g h t  t ime  w i t h  i n c r e a s i n g  h o r i z o n t a l  v e l o c i t y  for a 
g i v e n  a s c e n t  a n g l e  i s  caused b y  t h e  v e h i c l e  h a v i n g  t o  o p e r a t e  a t  
f u l l  t h r u s t  f o r  l o n g e r  a s c e n t  and d e s c e n t  p h a s e s .  A s  t h e  f l i g h t  
v e l o c i t y  i s  r educed  t o  z e r o ,  t h e  t o t a l  f l i g h t  t i m e  app roaches  
t h e  h o v e r  t i m e  a t  z e r o  a l t i t u d e  ( 1 1 . 9  min f o r  t h e  b a s e l i n e  LFU, 
see  S e c t i o n  4 . 0 ) .  

t h e  optimum v e l o c i t y  f o r  a g i v e n  v e h i c l e  a t  a s p e c i f i e d  a l t i t u d e  
i s  o f  i n t e r e s t .  F i g u r e  X I 1  shows t h e  r a n g e  a s  a f u n c t i o n  o f  
t h e  h o r i z o n t a l  v e l o c i t y  f o r  d i f f e r e n t  a s c e n t  a n g l e s  ( a l t i t u d e s ) .  

For t h e  c o n s t a n t  a l t i t u d e - c o n s t a n t  v e l o c i t y  t r a j e c t o r y ,  
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The r a n g e  f o r  a g i v e n  h o r i z o n t a l  v e l o c i t y  i s  a maximum a t  an 
a s c e n t  a n g l e  o f  a p p r o x i v a t e l y  60° f o r  t h e  b a s e l i n e  v e h i c l e .  
F o r  e a c h  a s c e n t  l aunch  a n g l e  t h e r e  i s  an optimum f l i g h t  
a l t i t u d e  which maximizes t h e  v e h i c l e  r a n g e .  Wi th  i n c r e a s i n g  
h o r i z o n t a l  v e l o c i t y ,  t h e  optimum a l t i t u d e  i s  s e e n  t o  i n c r e a s e  
( F i g u r e  X I I ) .  M u l t i p l e  s t o p  t r a j e c t o r i e s  which r e q u i r e  b o t h  
h i g h  h o r i z o n t a l  v e l o c i t i e s  and h i g h  a l t i t u d e s  ( a s c e n t  a n g l e s )  
may n o t  b e  p o s s i b l e  f o r  a g iven  v e h i c l e .  T h i s  i s  a consequence 
o f  u s i n g  t o o  much of  t h e  a v a i l a b l e  p r o p e l l a n t  i n  t h e  i n i t i a l  
t a k e - o f f  and l a n d i n g  p h a s e s .  Fo r  t h e  b a s e l i n e  LFU, two-stop 
t r a j e c t o r i e s  w i t h  an  a s c e n t  a n g l e  o f  70" and a h o r i z o n t a l  
v e l o c i t y  of 1 0 0 0  f t / s e c  a r e  p o s s i b l e .  

The n u m e r i c a l  c a l c u l a t i o n s  show t h a t  t h e  b a s e l i n e  
LFU p r o p e l l a n t  consumption for t h e  o u t  and r e t u r n  t r i p  segments  
o f  a g i v e n  c o n s t a n t  v e l o c i t y - c o n s t a n t  a t t i t u d e  a n g l e  f l i g h t  i s  
i n d e p e n d e n t  o f  t h e  t r a j e c t o r y  h e i g h t  and h o r i z o n t a l  v e l o c i t y .  
F o r  v e l o c i t i e s  o f  1 0 0  t o  500 f t / s e c  and a l t i t u d e s  o f  50 t o  
22,500 f t ,  t h e  p r o p e l l a n t  r e q u i r e d  f o r  t h e  o u t  and r e t u r n  t r i p  
segments  i s  c o n s t a n t  a t  approx ima te iy  127 and 103 ibs. I f  t h e  
b a s e l i n e  LFU f l i e s  an  i m p u l s i v e  t r a j e c t o r y ,  t h e  D r o p e l l a n t  
consumed f o r  t h e  o u t  and r e t u r n  t r i p  segments  i s  i d e n t i c a l  t o  
t h a t  expended i n  t h e  " r e a l "  t r a j e c t o r i e s .  

I f  a two segment p r o f i l e  i s  f lown a t  c o n s t a n t  
h o r i z o n t a l  v e l o c i t y  and launch a n g l e ,  w i t h  r e t u r n  t o  t h e  p o i n t  
of d e p a r t u r e ,  d i f f e r e n t  a l t i t u d e s  w i l l  r e s u l t  f o r  t h e  o u t  and 
r e t u r n  t r i p  s egmen t s ,  T h i s  i s  a consequence of c o n s t a n t  f o r c e  
a c c e l e r a t i o n  of  t h e  l i g h t e r  v e h i c l e  d u r i n g  t h e  r e t u r n  t r i p  
a s c e n t  segment .  The v e h i c l e  t h u s  a c h i e v e s  t h e  r e q u i r e d  h o r i z o n t a l  
v e l o c i t y  i n  s h o r t e r  t i m e  and t h e  v e r t i c a l  v e l o c i t y  component and 
a l t i t u d e  a t  t h e  end o f  powered a s c e n t  w i l l  b e  c o r r e s p o n d i n g l y  
g r e a t e r .  The h i g h e r  v e r t i c a l  v e l o c i t y  component t h u s  y i e l d s  a 
g rea t e r  c o a s t  h e i g h t  i n c r e m e n t .  T o  m a i n t a i n  c o n s t a n t  a l t i t u d e  
for t h e  o u t  and r e t u r n  t r i p  segments  w i t h  t h e  p roposed  t r a j e c t o r y  
model r e q u i r e s  t h a t  the  r e t u r n  t r i p  a s c e n t  a n g l e  be d e c r e a s e d .  

A t  c o n s t a n t  launch a n g l e  t h e  maximum t o t a l  r ange  and 
optimum h o r i z o n t a l  v e l o c i t y  of  a two s t o p  t r i p  are b o t h  s i g n i -  
f i c a n t l y  r educed  as compared w i t h  a one s t o p  t r i p .  T h i s  i s  a 
consequence  of  t h e  two s t o p  f l i g h t  o p t i m i z i n g  a t  a much lower  
a l t i t u d e  and c o r r e s p o n d i n g  h o r i z o n t a l  v e l o c i t y .  A t  c o n s t a n t  
h o r i z o n t a l  v e l o c i t y  t h e  t o t a l  r ange  i s  r educed  b y  i n t r o d u c i n g  
t h e  a d d i t i o n a l  s t o p  as a r e s u l t  of t h e  i n t r i n s i c  e n e r g y  loss. 
The c o r r e s p o n d i n g  b a s e l i n e  t o t a l  r ange  r e d u c t i o n s  f o r  two-stop 
s o r t i e s  as compared w i t h  one s t o p  s o r t i e s  a r e  4 . 3 %  and 9 . 1 %  f o r  
h o r i z o n t a l  v e l o c i t i e s  of  1 0 0  and 200 f t / s e c  a t  an a s c e n t  a n g l e  
of 30" .  
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5 . 1  Cons tan t  A l t i t u d e  and Cons tan t  H o r i z o n t a l  V e l o c i t y  
T r a j e c t o r y ,  Approximate A n a l y s i s  

I n  S e c t i o n  5 . 0  a l e n g t h y  t r a n s c e n d e n t a l  r a n g e  E q u a t i o n ,  
(26), was developed  f o r  t h e  c o n s t a n t  a l t i t u d e  and c o n s t a n t  
v e l o c i t y  t r a j e c t o r y .  S o l u t i o n  o f  t h i s  e q u a t i o n  r e q u i r e s  reDeated  
i t e r a t i v e  c a l c u l a t i o n s  and i n c r e a s i n g  t h e  number o f  s t o p s  g r e a t l y  
i n c r e a s e s  computa+;ional d i f f i c u l t y .  Using s e v e r a l  s i m p l i f v i n g  
a s sumpt ions  and a r e c t a n g u l a r  r a t h e r  t h a n  t r a p e z o i d a l  F r o f i l e  D e r -  
m i t s  development o f  a s imple  a l g e b r a i c  r ange  f u n c t i o n  which y i e l d s  
s a t i s f a c t o r y  accu racy  for i n i t i a l  e v a l u a t i o n  p u r p o s e s .  The 
a s s u m p t i o n s  a re  as f o l l o w s :  

The v e h i c l e  m a i n t a i n s  a c o n s t a n t  v e r t i c a l  a s c e n t  and 
d e s c e n t  a c c e l e r a t i o n  f o r  a l l  t r a j e c t o r y  segmen t s .  

A t  t h e  end o f  t h e  powered a s c e n t  p h a s e ,  t h e  v e r t i c a l  
t h r u s t  v e c t o r  i s  r o t a t e d  90' and t h e  h o r i z o n t a l  
v e l o c i t y  component deve lops  d u r i n g  t h e  v e r t i c a l  
c o a s t  phase. T h i s  r e s u l t s  i n  t h e  v e h i c l e  a r r i v i n e ;  
a t  t h e  o p e r a t i o n a l  a l t i t u d e  w i t h  z e r o  v e r t i c a l  
v e l o c i t y  and t h e  d e s i r e d  h o r i z o n t a l  v e l o c i t y .  

' A t  t h e  b e g i n n i n g  o f  t h e  c o n s t a n t  a l t i t u d e  p h a s e ,  t h e  
t h r u s t  v e c t o r  i s  r o t a t e d  t o  t h e  o r i g i n a l  D o s i t i o n  and 
t h e  t h r u s t  i s  m a i n t a i n e d  e q u a l  t o  t h e  l u n a r  v e h i c l e  
w e i g h t .  

* The d e s c e n t  phase  i s  t h e  r e v e r s e  of  t h e  a s c e n t  p h a s e .  

I f  D i s  t h e  i n i t i a l  v e h i c l e  l u n a r  t h r u s t  t o  w e i g h t  r a t i o ,  
t h e  a s c e n t  a c c e l e r a t i o n ,  A ,  i s  

A = ( D - 1 ) g  

The o p e r a t i n g  a l t i t u d e ,  H ,  c o n s i s t s  o f  t h e  h e i g h t  a t t a i n e d  d u r i n g  
t h e  powered a s c e n t ,  hA,  p l u s  t h e  c o a s t  h e i g h t  i n c r e m e n t ,  h e .  

S o l v i n g  f o r  t h e  a s c e n t  t i m e ,  t A , a s  a f u n c t i o n  of t h e  v e h i c l e  
t h r u s t  t o  weight  r a t i o  
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I f  AV i s  t h e  t o t a l  v e h i c l e  v e l o c i t y  i n c r e m e n t ,  t h e  
v e l o c i t y  d i s t r i b u t i o n  f o r  N s t o p s  i s  

AV = 2 NVx t 2 N gD tA + g tV 

where tV i s  t h e  f l i g h t  t i m e  a t  t h e  c o n s t a n t  h o r i z o n t a l  v e l o c i t y  

Vx. If Rv i s  t h e  r a n g e  segment f lown a t  c o n s t a n t  v e l o c i t y ,  
tv  = RV/Vx.  S o l v i n g  for t h e  r ange  segment R 

V 

i s  
t C '  

The  r e l a t i o n s h i p  between a s c e n t  t i m e ,  tA ,  and c o a s t  t i m e ,  

- (D-1) tA  t c - - -  - A t A  
g 

S i n c e  t h e  h o r i z o n t a l  v e l o c i t y  component V i s  assumed to d e v e l o p  
d u r i n g  t h e  c o a s t  t i m e  

X 

V = Ax t c  = Ax (D-1) t A  
X 
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where A 

The h o r i z o n t a l  d i s t a n c e ,  R x , t r a v e l e d  by  t h e  v e h i c l e  i n  
d e v e l o p i n g  t h e  h o r i z o n t a l  v e l o c i t y  component i s  

i s  t h e  c o n s t a n t  h o r i z o n t a l  a c c e l e r a t i o n ,  ( A  # Ax). X 

T T  

The t o t a l  r a n g e ,  R ,  for N s t o p s  i s  

R = Rv + 2 N Rx 

A f t e r  i n t r o d u c i n g  t h e  p r e v i o u s l y  deve loped  t e rms  

For a g i v e n  v e h i c l e  (AV and D c o n s t a n t )  and a s p e c i f i e d  
o p e r a t i o n a l  a l t i t u d e ,  H ,  t h e  optimum h o r i z o n t a l  v e l o c i t y  
for maximum range  i s  
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By u s i n g  E.quat ion ( 2 8 )  i n  Equat ion  ( 2 7 ) ,  t h e  maximum range  o f  
a g i v e n  v e h i c l e  i s  

L 

Probab le  f l i g h t  a l t i t u d e s  w i l l  b e  low compared rqfith 
t h e  v e h i c l e  t o t a l  v e l o c i t y  increment  c a p a b i l i t y .  For low 
v e h i c l e  t h r u s t  t o  weight  r a t i o s  and a small number o f  s t o p s ,  
E q u a t i o n  (29) may be w r i t t e n  t o  a good approx ima t ion  a s  

A N s t o p  i m p u l s i v e  v e h i c l e  o f  t o t a l  v e l o c i t y  increment  cap-  
a b i l i t y  AV w i l l  have a maximum r a n g e  

The r a t i o  of maximum range  for t h e  optimum i m p u l s i v e  f l i g h t  
t o  maximum range  for t h e  optimum c o n s t a n t  a l t i t u d e - c o n s t a n t  
v e l o c i t y  f l i g h t  i s  t h e r e f o r e  2 : l .  T h i s  s u r p r i s i n g l y  s i m p l e  
approx ima te  r e s u l t  can b e  used as a " r u l e  o f  thumb" w i t h  t h e  
i m p u l s i v e  r e s u l t s  deve loped  i n  S e c t i o n  3 . O .  An approximate  many 
S t o p  r a n g e  e q u a t i o n  i s  developed  i n  Appendix I .  
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H o r i z o n t a l  V e l o c i t y  
f t  /set 

100 

300  

500 

For  i m p u l s i v e  v e l o c i t y  t r a j e c t o r i e s ,  t h e  r e l a t i o n s h i D  
between r a n g e ,  R, and s p e c i f i c  impu l se ,  I i s  SP ' 

- .  
F l i g h t  Altitude Range % E r r o r  

f t  1 s t o p  2 s t o p s  

60 -2.2 - 5.0 
559 -4.5 -11.7 

1 6 0 5  -7 .4  - 2 2 . 0  

T h i s  s imple  r a t i o  may a l s o  be a p p l i e d  to t h e  c o n s t a n t  v e l o c i t y -  
c o n s t a n t  a l t i t l l d e  t r a j e c t o r y  w i t h  good accuracy  i f  t h e  f l i g h t  
v e l o c i t i e s ,  f l i g h t  a l t i t u d e s  and number of  s t o p s  are  small  
compared w i t h  t h e  v e h i c l e  v e l o c i t y  i n c r e m e n t .  

The a c c u r a c y  o f  approximate  E q u a t i o n  ( 2 7 )  compared 
w i t h  lkxac t l lEqua t ion  ( 2 6 )  i s  shown i n  t h e  f o l l o w i n g  T a b l e .  

The f l i g h t  a l t i t u d e s  a r e  t h o s e  r e s u l t i n g  from a c o n s t a n t  30" 
a t t i t u d e  a s c e n t  t r a j e c t o r y .  I n  f l i g h t  p r o f i l e s  where s i g n i f i c a n t  
e r r o r  i s  e n c o u n t e r e d  ( > 5 O O  f t / s e c  and >2 s t o p s ) ,  t h e  r e s u l t s  
w i l l  be c o n s e r v a t i v e .  

- - 

The b a s e l i n e  LFU t o t a l  r a n g e  as a f u n c t i o n  o f  t h e  
number o f  s t o p s  and h o r i z o n t a l  v e l o c i t y  f o r  a 5 0  f t  t r a . i e c t o r y  
a l t i t u d e  i s  shown i n  F i g u r e  X I I I .  The r a n g e  advan tage  of 
f l i g h t  a t  low h o r i z o n t a l  v e l o c i t y  f o r  a many-stop p r o f i l e  i s  
a p p a r e n t .  F i g u r e  XIV shows t h e  b a s e l i n e  LFU maximum t o t a l  
r a n g e ,  E q u a t i o n  ( 2 9 1 ,  a s  a f u n c t i o n  o f  number n f  s t o p s  f o r  
d i f f e r e n t  p a y l o a d s  and a 5 0  ft a l t i t u d e .  The d e c r e a s i n g  optimum 
h o r i z o n t a l  v e l o c i t y  a t  a 50 ft a l t i t u c i e  as a f u n c t i o n  o f  b o t h  an 
i n c r e a s i n g  number of s t o p s  and an  i n c r e a s i n g  pay load  i s  shown i n  
F i g u r e  XV. 
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I n c r e a s i n g  t h e  t r a j e c t o r y  h e i g h t  w h i l e  k e e p i n g  o t h e r  
f l i g h t  v a r i a b l e s  c o n s t a n t  w i l l  d e c r e a s e  t h e  r a n g e  s i n c e  an 
ene rgy  e x p e n d i t u r e  i s  r e q u i r e d  for t h e  p o t e n t i a l  ene rgy  i n c r e a s e  
and d e c r e a s e  of  e a c h  t r a j e c t o r y  segment .  The p e r c e n t a g e  r ange  
d e c r e a s e  w i t h  a l t i t u d e  i s  g r e a t e r  f o r  i n c r e a s i n p  h o r i z o n t a l  
v e l o c i t i e s  and an  i n c r e a s i n g  number o f  s t o p s  as shown i n  
F i g u r e  X V I .  

If many-stop LFU f l i g h t  p r o f i l e s  a re  u s e d ,  t h e  v e h i c l e  
w i l l  o p t i m i z e  a t  low a l t i t u d e  and f l i g h t  v e l o c i t y .  These con- 
d i t i o n s  w i l l ,  o f  c o u r s e ,  v i n i m i z e  a s t r o n a u t  i n j u r y  p r o b a b i l i t y  
i n  e v e n t  of  an i n f l i g h t  m a l f u n c t i o n .  

5 . 2  E f f e c t  o f  P r o p u l s i o n  S y s t e m  Thrus t /Weight  R a t i o  on LFU Range 

Improper  s e l e c t i o n  of t h e  p r o p u l s i o n  sys t em t h r u s t /  
w e i g h t  (F/W) r a t i o  w i l l  r educe  v e h i c l e  r a n g e .  High F/W r a t i o s  
w i l l  a l s o  s i g n i f i c a n t l y  a f f e c t  r o c k e t  e n g i n e  c h a r a c t e r i s t i c s  
s i n c e  t h e  t h r o t t l i n g  r equ i r emen t  f o r  a g i v e n  v e h i c l e  w i l l  
i n c r e a s e  as a f u n c t i o n  o f  t h e  F/W r a t i o .  With h i g h  e n g i n e  
t h r o t t a b i l i t y  r e q u i r e m e n t s  (;8: l) , r o c k e t  e n g i n e  d e s i g n ,  
deve lopment ,  and per formance  problems can  be a n t i c i p a t e d .  

Examinat ion  o f  t h e  f a c t o r  ( D + l ) / v ( D - l ) D  , where D i s  
t h e  v e h i c l e  F/W r a t i o ,  i n  range  Equa t ions  ( 2 7 )  and ( 2 9 )  r e v e a l s  
a r a n g e  i n c r e a s e  w i t h  i n c r e a s i n g  F/W r a t i o s .  The l i m i t i n g  v a l u e  
o f  t h e  f a c t o r  w i t h  an i n f i n i t e  ( i m p u l s i v e )  F/W r a t i o  i s  one .  

The b a s e l i n e  v e h i c l e ' s  i n i t i a l  F/W r a t i o  w i t h  no pay load  
i s  2 . 2 3 .  By i n c r e a s i n g  t h e  v e h i c l e ' s  F/W r a t i o  o v e r  some a r b i t r a r y  
minimum (1 . l)  , t h e  a t t a i n a b l e  r ange  w i l l  i n c r e a s e .  F i g u r e  XVII 
shows t h e  p e r c e n t a g e  r a n g e  i n c r e a s e  as a f u n c t i o n  of  d i f f e r e n t  
h o r i z o n t a l  v e l o c i t i e s  and number o f  s t o p s  f o r  a 1 0 0  f t  a l t i t u d e .  
P e r c e n t  r ange  change i s  seen  t o  be r e l a t i v l y  i n s e n s i t i v e  t o  
h o r i z o n t a l  v e l o c i t y  change a t  a g i v e n  F/W r a t i o  f o r  one s t o p ,  
w i t h  maximum i n c r e a s e  o c c u r r i n g  a t  maximum v e l o c i . t v ,  Both t h e  
r a n g e  i n c r e a s e  and v e l o c i t y  s e n s i t i v i t y  a r e  s e e n  t o  s i g n i f i c a n t l y  
i n c r e a s e  w i t h  an i n c r e a s i n g  number of s t o p s .  The "knee" o f  t h i s  
f a m i l y  of c u r v e s  o c c u r s  a t  a F/W r a t i o  o f  a p p r o x i m a t e l y  two. 

C o n s i d e r a t i o n s  o f  s i n g l e  e n g i n e  o p e r a t i o n  i n  a m u l t i -  
e n g i n e  sys t em v s .  p u r e  d u a l  e n g i n e  o p e r a t i o n  w i l l  n o t  be 
d i s c u s s e d  h e r e .  It s h o u l d  be n o t e d ,  however, t h a t  i f  a d u a l  
e n g i n e  sys tem i s  r e q u i r e d  t o  be  c a p a b l e  o f  s i n g l e  e n g i n e  
o p e r a t i o n ,  t h e  p r o p u l s i o n  s y s t e m  i s  s i g n i f i c a n t l y  p e n a l i z e d .  
A d u a l  e n g i n e  s y s t e m  w i t h  s i n g l e  e n g i n e  o p e r a t i o n a l  c a p a b i l i t y  
r e a u i r e s  a 100% t h r o t t a b i l i t y  i n c r e a s e  as compared w i t h  normal  
two-engine o p e r a t i o n .  
a h i g h  t h r o t t l e  r a n g e  eng ine  w i l l  be  s i g n i f i c a n t l y  r educed  i f  a 
l a rge  p e r c e n t a g e  of  t h e  p r o p e l l a n t  i s  consumed a t  t h e  low t h r u s t  
l e v e l .  

The  i n t e g r a t e d  a v e r a g e  s p e c i f i c  impu l se  o f  
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6 .a  SEMI -BALLISTIC TRAJECTORY 

S e c t i o n  3 . 0  c o n s i d e r e d  t h e  optimum b a l l i s t i c  t r a -  
j e c t o r y  w i t h  i m p u l s i v e  v e l o c i t y  i n c r e m e n t s  a t  t h e  i n i t i a l  and 
t e r m i n a l  t r a j e c t o r y  p o i n t s .  T h i s  s e c t i o n  w i l l  c o n s i d e r  t h e  
b a l l i s t i c  t r a j e c t o r y  w i t h  f i n i t e  a c c e l e r a t i o n  and d e c e l e r a t i o n  
t imes.  Dur ing  t h e  c o a s t  phase t h e  e n g i n e s  are t h r o t t l e d  down 
t o  minimum t h r u s t  and t h e  t h r u s t  v e c t o r  i s  d i r e c t e d  upward. 
The c o a s t  phase  may be c o n s i d e r e d  as b a l l i s t i c  w i t h  a t i m e  
d e c r e a s i n g  l u n a r  g r a v i t y  a c c e l e r a t i o n  r e s u l t i n g  from t h e  low 
v e r t i c a l  cons t an \  t h r u s t  a c t i n g  on t h e  v e h i c l e  of c o n s t a n t l y  
d e c r e a s i n g  mass. T h i s  t y p e  o f  t r a j e c t o r y  w i l l  r e q u i r e  a 
gu idance  and c o n t r o l  sys tem s o  t h a t  t h e  a p p r o p r i a t e  i n i t i a l  
v e l o c i t y  magnitude and d i r e c t i o n  for a d e s i r e d  r a n g e  can  be  
d e t e r m i n e d .  Only t r a j e c t o r y  e l e m e n t s  w i l l  b e  c o n s i d e r e d  he re .  

The e q u a t i o n s  deve loped  i n  S e c t i o n  5 . 0  f o r  a s c e n t  
and d e s c e n t  a t  maximum t h r u s t  and c o n s t a n t  a t t i t u d e  a re  used  
f o r  t h e  i n i t i a l  and f i n a l  t r a j e c t o r y  e l e m e n t s .  After a n  

r i s e  t o  an a l t i t u d e ,  h A ,  which i s  e q u a l  t o  t h e  hA of E q u a t i o n  (15) 
w i t h  C s i n  O s u b s t i t u t e d  for C .  A t  t h i s  p o i n t  t h e  LFU has 
h o r i z o n t a l  and v e r t i c a l  v e l o c i t y  components VAx and V 

a s c e n t  burr! t i m e ,  tA ,  a t  cons ts f i t  a t t l t u d e ,  4 ,  4-!A,-. b l l c  LFU w i l l  

A Y  

VAX = VA c o s  $I 

t A  V = VA s i n  4 - 

= -C I n  (1 - yA tA)  

AY 

VA 

Dur ing  t h e  c o a s t  phase  t i m e ,  t C ’  t h e  t h r o t t l e d  e n g i n e s  are  t h r u s t i n g  

upward w i t h  an e f f e c t i v e  exhaus t  v e l o c i t y ,  C c ,  
a l t i t u d e  h a t  t h e  end o f  t h e  c o a s t  phase j u s t  p r i o r  t o  i n i t i a t i o n  

C ’  
o f  t h e  d e s c e n t  phase  i s  

( C  > C c ) .  The LFU 

*F igure  X V I I I  shows t h e  t r a j e c t o r y  model. 
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where 

A t  t h e  end o f  t h e  s e m i - b a l l i s t i c  c o a s t  p h a s e ,  t h e  
LFU v e l o c i t y  components a t  t h e  a l t i t u d e  hc are  

v C Y  = VAY + vc - R t c  

y c  t c )  Vc = -Cc  I n  (1 - 

To l a n d  w i t h  z e r o  v e l o c i t y  a t  t h e  end o f  t h e  d e s c e n t  
r e t r o  DY , p h a s e ,  t h e  r e q u i r e d  h o r i z o n t a l ,  VDx, and v e r t i c a l  ,V 

v e l o c i t y  components are  

where 

= VD C O S  e , 'Ax = 'Dx 

v + v  = o  
C Y  DY 

Mf + m t D  
' D z C I n (  .lf' ) 

Y 

t D  V = VD s i n  e - 
DY 
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P r i o r  t o  i n i t i a t i o n  o f  d e s c e n t  t h r u s t ,  t h e  v e h i c l e  i s  a t  an  
a l t i t u d e ,  h c ,  w i t h  a v e r t i c a l  v e l o c i t y  component v . During  

t h e  d e s c e n t  p h a s e ,  t h e  sum o f  p o s i t i v e  and n e g a t i v e  d i s p l a c e -  
ments  i s  z e r o .  

C Y  

The t o t a l  h o r i z o n t a l  r a n g e ,  R ,  c o n s i s t s  o f  t h r e e  segments ,  t h e  
a s c e n t  segment ,  R t h e  c o a s t  segment ,  RV, and t h e  d e s c e n t  s e q -  

B e .  K and Re a r e  e q u a l  t o  E q u a t i o n s  (22) and ( 2 3 ) .  The ment , 
c o a s t  segment ,  RV, i s  t h e  product  o f  t h e  h o r i z o n t a l  v e l o c i t y  
component, VAx, a c q u i r e d  a t  t h e  end o f  t h e  a s c e n t  phase and t h e  

c o a s t  t i m e ,  t c .  

cp’  
cp 

RV = -C c o s  cp I n  (1 - yA tA)  tc , 

The t o t a l  f l i g h t  t i m e  i s  tA + t c  + tD and t h e  t o t a l  mass of 
p r o p e l l a n t  i n  terms o f  t h e  r e s p e c t i v e  t imes and mass f low rates  
i s  

( 3 3 )  
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The h o r i z o n t a l  r a n g e , R , i s  t h e  sum o f  Equa t ions  (22), 
( 3 3 )  and ( 2 3 ) .  

‘A t A )  t c  -C c o s  4 I n  (1 - 

The b a s i c  unknowns i n  t h i s  t r a j e c t o r y  for a p i v e n  
v e h i c l e  a r e  t h e  t h r e e  t i m e  i n c r e m e n t s ,  c o n s t a n t  a s c e n t  and d e s c e n t  
a n g l e s ,  a l t i t u d e  a t  t h e  end o f  t h e  c o a s t  phase ,  and r a n g e .  
Dur ing  a s c e n t ,  e i t h e r  t h e  a s c e n t  t i m e ,  tA ,  o r  t h e  a s c e n t  a n g l e ,  
4 ,  i s  f i x e d .  Numerical s o l u t i o n  o f  E a u a t i o n s  (3O), (31.l), 
(31.2), (32), (34), and (35) !!ields t h e  d e s i r e d  h o r i z o n t a l  
r a n g e .  

The maximum t r a j e c t o r y  o r d i n a t e ,  hp,  for a g,iven 

s e m i - b a l l i s t i c  f l i g h t  may be o f  i n t e r e s t .  At t h e  maximum 
o r d i n a t e ,  t h e  v e r t i c a l  v e l o c i t y  component i s  z e r o .  If trJr 
i s  t h e  t i m e  measured from t h e  end o f  t h e  a s c e n t  t r a j e c t o r y  
p h a s e ,  t h e  sum of p o s i t i v e  and n e g a t i v e  v e r t i c a l  v e l o c i t v  
components a t  t h e  maximum o r d i n a t e  i s  
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Equa t ion  ( 3 6 )  i s  s o l v e d  n u m e r i c a l l y  f o r  tp4. The maximum 
o r d i n a t e  i s  c a l c u l a t e d  from E q u a t i o n  ( 3 0 )  w i t h  t h e  sub-  
s t i t u t i o n  of  t f o r  t c .  M 

A c o n s t r a i n t  no ted  f o r  t h e  c o n s t a n t  a l t i t u d e -  
c o n s t a n t  v e l o c i t y  t r a j e c t o r y  i n  S e c t i o n  5 . 0  was t h a t  t h e  
v e r t i c a l  t h r u s t  component must exceed  t h e  i n s t a n t a n e o u s  
l u n a r  weight  d u r i n g  a s c e n t .  T h i s  c o n s t r a i n t  i s  a l s o  v a l i d  
f o r  t h e  s e m i - b a l l i s t i c  t r a j e c t o r y  s i n c e  t h e  powered a s c e n t  
phases of  b o t h  t r a j e c t o r i e s  a re  i d e n t i c a l .  

o f  S e c t i o n  5 . 0 , s p e c i f i c a t i o n  o f  b o t h  a s c e n t  a n g l e  ( 4 )  and a s c e n t  
b u r n  t i m e  (t,) i s  r e q u i r e d  t o  e s t a b l i s h  t h e  f l i g h t  a l t i t u d e  and 
h o r i z o n t a l  v e l o c i t y .  
s e m i - b a l l i s t i c  t r a j e c t o r y  f i x e s  t h e  p r o f i l e  f o r  a r e q u i r e d  r a n g e .  
With t h e  p roposed  model,  d e s c e n t  t imes (t,) and a n g l e s  ( e )  are  
l e s s  t h a n  c o r r e s p o n d i n g  a s c e n t  t imes and a n g l e s ,  The r a t i o  o f  
tD/tA f o r  maximum r a n g e  1s 0.857 f o r  b o t h  segments  o f  a b a s e l i n e  
LFV round ti-clp.  tl i s  between 1O-3' l e s s  t h a n  4 (3O0L427O0) for a 
two segment s o r t i e .  

way r a n g e .  The maximum range  of  2 1 . 8  mi les  o c c u r s  a t  an a s c e n t  
a n g l e  o f  approx ima te ly  4 5 O .  B a s e l i n e  v e h i c l e  maximum s e m i - b a l l i s t i c  
r a n g e  o c c u r s  a t  n e a r l y  e x a c t l y  t h e  same a s c e n t  anEle  ( 4 5 O )  as does  
t h e  maximum i m p u l s i v e  r a n g e .  The s e m i - b a l l i s t i c  b a s e l i n e  LFU's 
round t r i p  r ange  i s  68% o f  t h a t  a t t a i n a b l e  by  an i m p u l s i v e  
t h e o r e t i c a l  v e h i c l e .  

Wi th  t h e  c o n s t a n t  v e l o c i t y - c o n s t a n t  a l t i t u d e  t r a j e c t o r y  

S p e c i f i c a t i o n  o f  e i t h e r  4 or tA f o r  t h e  

F i g u r e  X I X  shows t h e  e f f e c t  o f  a s c e n t  a n g l e  on LFU one 

T r a j e c t o r y  maximum a l t i t u d e  as a f u n c t i o n  o f  a s c e n t  
a n g l e  i s  a l s o  shown i n  F igu re  X I X .  The maximum a l t i t u d e  a t  
t h e  maximi_lm r a n g e  c o n d i t i o n  i s  i7 ,90U f t .  f o r  t h e  r e t u r n  t r i p  
segment .  Maximum t r a j e c t o r y  a l t i t u d e  f o r  an  i m p u l s i v e  v e h i c l e  
i s  2 5 %  of  t h e  maximum r a n g e .  The c o r r e s p o n d i n g  a l t i t u d e  f o r  
t h e  b a s e l i n e  LFU s e m i - b a l l i s t i c  t r a j e c t o r y  i s  1 4 %  o f  t h e  
maximum r a n g e .  The c o r r e s p o n d i n g  h o r i z o n t a l  v e l o c i t y  f o r  
a round t r i p  maximum r a n g e  s o r t i e  i s  600 f t / s e c .  

The maximum t r a v e l e d  d i s t a n c e  f o r  a one segment t r i p  
i s  8 7 . 2  miles  w h i l e  t h e  t o t a l  t r a v e l e d  d i s t a n c e  f o r  an optimum 
two sepment t r i p  i s  4 3 . 6  m i l e s .  T h i s  50% t o t a l  r a n g e  r e d u c t i o n  
shows t h e  great  s e n s i t i v i t y  o f  t h e  s e m i - b a l l i s t i c  t r a < j e c t o r y  
r a n g e  w i t h  an i n c r e a s i n g  number o f  s t o p s .  T h i s  s e n s i t i v i t v  i s  
much g r e a t e r  t h a n  t h a t  e x p e r i e n c e d  i n  a m u l t i p l e  s t o p  c o n s t a n t  
v e l  o c i  ty -cons  t a n t  a l t i t u d e  t r a j  e c  t o r y  f l i g h t  o f  mode r a t  e 
a l t i t u d e  and v e l o c i t y .  Maximum r a n g e  f o r  t h e  b a s e l i n e  LFU 
optimum s e m i - b a l l i s t i c  t r a j e c t o r y  i s  88% o f  t h e  optimum c o n s t a n t  
v e l o c i t y - c o n s t a n t  a l t i t u d e  t r a j e c t o r y  r ange  f o r  a s i n g l e  s t o p  
round t r i p .  
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6 . 1  SEMI-BALLISTIC TRAJECTORY, APPROXIMATE ANALYSIS 

S i g n i f i c a n t  s i m p l i f i c a t i o n  i s  i n t r o d u c e d  i n  t h e  semi- 
b a l l i s t i c  t r a j e c t o r y  a n a l y s i s  if t h e  d e s c e n t  p h a s e  i s  assumed 
s y m m e t r i c a l  t o  t h e  a s c e n t  p h a s e .  
tA  = tD, and hA = h e .  

Wi th  t h e  p roposed  assumpt ion  t h e  c o a s t  n h a s e ,  f lown a t  a c o n s t a n t  
h o r i z o n t a l  v e l o c i t y ,  i s  r educed  and t h e  t o t a l  r an f fe  i s  c o r r e s p o n d -  
i n g l y  d e c r e a s e d .  

T h i s  assumDtion r e q u i r e s  @ = 8 ,  
C o n s e r v a t i v e  r a n g e  w i l l  r e s u l t  w i t h  t h i s  

t r a j e c t o r y  model s i n c e  f o r  an e f f i c i e n t  d e s c e n t  p r o f i l e  tD < tA.  

The t o t a l  p r o p e l l a n t  mass i n  t e r m s  o f  times and  D r o -  
p e l l a n t  mass f l o w  rates  i s  

M = 2 m t A  + mc t c  , 
P ( 3 7 )  

Descent  p h a s e  i n i t i a t i o n  o c c u r s  a f t e r  t h e  v e h i c l e  
h a s  descended  t o  t h e  a s c e n t  p h a s e  a l t i t u d e  a f t e r  a c o a s t  p h a s e  
t i m e  , 
d u r i n g  t h e  c o a s t  phase  i s  

The summation o f  v e r t i c a l  d i s p l a c e m e n t s  o c c u r y i n p  
t C '  

2 

E q u a t i o n  ( 3 8 )  i s  ( 3 0 )  w i t h  h c  - hA = 0 .  T o t a l  r a n g e  i s  

R = 2 R  + R V ,  0 ( 3 9 )  

where  R and  Rv a r e  d e f i n e d  by E q u a t i o n s  ( 2 2 )  and ( 3 3 ) .  
@ 

The approx ima te  maximum r a n g e  d e t e r m i n e d  by numerica.1 
s o l u t i o n  o f  E q u a t i o n s  ( 3 7 ) ,  ( 3 8 ) ,  and  ( 3 9 )  i s  7 9 %  o f  t h a t  g i v e n  
by E q u a t i o n  ( 3 5 )  f o r  a one s t o p  t r i p  w i t h  no  r e t u r n .  Range as a 
f u n c t i o n  o f  a s c e n t  a n g l e  i s  shown f o r  b o t h  t h e  e x a c t  and a p p r o x i m a t e  
a n a l y s e s  i n  F i g u r e  X X .  The l a r g e  e r r o r  o b t a i n e d  w i t h  t h i s  model 
r e f l e c t s  t h e  p e s s i m i s t i c  and d y n a m i c a l l y  i n c o m p a t i b l e  d e s c e n t  
p h a s e .  
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7.0 SUMMARY 

LFU m u l t i - s t o p  t r a j e c t o r y  e q u a t i o n s  and  c o m u t e r  
programs for t h e  i m p u l s i v e ,  c o n s t a n t  a l t i t u d e - c o n s t a n t  
v e l o c i t y ,  and s e m i - b a l l i s t i c  f l i g h t  p r o f i l e s  have  been  
d e v e l o p e d .  The r e s u l t i n g  n o n l i n e a r  e q u a t i o n s  r e a u i r e  a n  
i t e r a t i v e  computa t ion  and are t h u s  n o t  s u i t e d  t o  s l i d e  r u l e  
c a l c u l a t i o n .  

A c l o s e d  form approx ima te  e q u a t i o n  ( 2 7 )  f o r  t h e  
c o n s t a n t  v e l o c i t y - c o n s t a n t  a l t i t u d e  t r a j e c t o r y  has been  
d e v e l o p e d .  T h i s  a p p r o x i m a t i o n  shows good agreement  w i t h  
t h e  e x a c t  e q u a t i o n  f o r  f l i g h t  c o n d i t i o n s  o f   OW v e l o c i t y ,  
low m e r a t i o n a l  a l t i t u d e  and a f e w  stops. A " r u l e  o f  thumb" 
h a s  been  deve loped  which shows t h e  r a t i o  o f  maximum i m p u l s i v e  
t r a j  e c t o r y  r a n g e  to maximum c o n s t  a n t  v e l o c i t v - c o n s  t a n t  a l t i t u d e  
t r a j e c t o r y  r a n g e  i s  2:l. 

The e f f e c t  o f  f l i g h t  v a r i a b l e s  i n c l u d i n g  v e l o c i t v ,  
z l t i t u d e ,  nnrnher c?f s t o p s  a d  p i y l o a d  GY! 2 base l ine  v e h i r l e ' s  
r a n g e  have  been  e v a l u a t e d  and a re  p r e s e n t e d  as c u r v e s .  The 
c o n c l u s i o n s  from t h e  a n a l y s i s  f o r  t h e  c o n s t a n t  v e l o c i t y -  
c o n s t a n t  a l t i t u d e  t r a j e c t o r y  a re  as f o l l o w s :  

The r a n g e  i s  g rea t e r  when a p a v l o a d  i s  c a r r i e d  o u t  
w i t h  a n  empty r e t u r n  as compared w i t h  f l y i n g  o u t  empty 
and r e t u r n i n g  t h e  same mass p a y l o a d .  The r a n g e  
d i f f e r e n c e  i n c r e a s e s  w i t h  i n c r e a s i n g  p a v l o a d ,  
( F i g u r e  11). The r a n g e  i n c r e a s e  i s  a p p r o x i m a t e l y  7 %  
f o r  a 3 0 0  l b  p a y l o a d .  

* Hover t i m e  o v e r  a p o i n t  increaseslogarithmically w i t h  
p r o p e l l a n t  l o a d i n g  for any v e h i c l e .  A t  z e r o  a l t i t u d e  
t h e  h o v e r  t i m e  f o r  t h e  b a s e l i n e  v e h i c l e  i s  11.9 min. 
Hover t i m e  i s  reduced  8.4% w i t h  o p e r a t i o n  a t  a n  a l t i t u d e  
o f  1 5 0 0  f t ,  ( F i g u r e s  V I  and V I I ) .  

* T o t a l  r a n g e  i s  r e l a t i v e l y  i n s e n s i t i v e  t o  o p e r a t i o n a l  
a l t i t u d e  f o r  low v e l o c i t i e s  and a s m a l l  number o f  s t o p s .  
The r a n g e  s e n s i t i v i t y  i n c r e a s e s  w i t h  incre8s 'ng  h o r i z o n t a l  
v e l o c i t y  a n d / o r  a n  i n c r e a s i n g  number o f  s t o p s ,  ( F i g u r e s  X 
and X V I )  . 
I n  a two segment t r i p  w i t h  r e t u r n  t o  t h e  p o i n t  o f  d e p a r t u r e ,  
t h e  p r o p e l l a n t  consumption f o r  t h e  o u t  and r e t u r n  segmen t s  
i s  i n d e p e n d e n t  of  t h e  t r a j e c t o r y  a l t i t u d e  and v e l o c i t y .  
T h i s  p r o p e l l a n t  d i v i s i o n  w i l l  b e  i d e n t i c a l  to t h a t  e x p e r i -  
enced  by a n  i m p u l s i v e  v e h i c l e  w i t h  t h e  same t o t a l  v e l o c i t y  
i n c r e m e n t  c a p a b i l i t y .  For t h e  b a s e l i n e  v e h i c l e ,  1 2 7  l b  
o f  t h e  2 3 0  l b  t o t a l  p r o p e l l a n t  we igh t  a r e  r e q u i r e d  f o r  
t h e  o u t  t r i p  segment w i t h  no p a y l o a d .  
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- A t  a g i v e n  a l t i t u d e  and h o r i z o n t a l  v e l o c i t y ,  t h e  d e c r e a s e  
i n  r ange  w i t h  an i n c r e a s i n g  number o f  s toDs  i s  n e a r l y  
l i n e a r  and i s  l e s s  s e n s i t i v e  a t  lower v e l o c i t i e s .  I f  
t h e  b a s e l i n e  v e h i c l e  m a i n t a i n s  a 50 f t  a l t i t u d e  o v e r  a 
f i v e  s t o p  s o r t i e ,  t h e  r ange  i n c r e a s e  w i t h  a 2 0 0  f t / s e c  
v e l o c i t y  i s  17 .5% compared w i t h  a 250 f t / s e c  v e l o c i t y  
( F i g u r e  X I I I )  . 
A t  e ach  a s c e n t  launch a n g l e  t h e r e  i s  an optimum h o r i z o n t a l  
v e l o c i t y  and c o r r e s p o n d i n g  f l i g h t  a l t i t u d e  which maximizes 
r a n g e .  With i n c r e a s i n g  a n g l e s  t h e  a l t i t u d e  i n c r e a s e s  and 
t h e  r a n g e  i n c r e a s e s  t o  a maximum for a g i v e n  v e l o c i t y .  An 
i n c r e a s e  i n  t h e  a s c e n t  a n g l e  a l s o  causes  t h e  optimum 
h o r i z o n t a l  v e l o c i t y  t o  i n c r e a s e  t o  a maxfmum v a l u e  
( F i g u r e  X I 1  ) , 
I n c r e a s i n g  t h e  number of s t o p s  for a g iven  v e h i c l e  
s i g n i f i c a n t l y  r educes  t h e  t o t a l  r a n g e .  The r e s p e c t i v e  
maximum b a s e l i n e  LFU r a n g e s  f o r  two and s i x  s t o p s  a t  a 
50 f t  a l t i t u d e  a re  3 0 . 5  and 9 . 2  miles  ( F i g u r e  X I V ) .  

t h e  maximum ranges  t o  1 4 . 9  and 4.3 m i l e s  for two and 
s i x  s t o p s .  

~ai-,i'ying a 30s i'v pay-load foi: t h e  total d i s t a i 2 z e  i-ed.c;ces 

The optimum h o r i z o n t a l  v e l o c i t y  a t  a g i v e n  a l t i t u d e  
d e c r e a s e s  b o t h  w i t h  a n  i n c r e a s i n g  number o f  s t o p s  and 
i n c r e a s i n g  p a y l o a d .  For t h e  b a s e l i n e  v e h i c l e  w i t h  no 
pay load  i t  i s  463 and 1 4 7  f t / s e c  r e s p e c t i v e l y  f o r  two 
and s i x  s t o p s ,  ( F i g u r e  X V ) .  The c o r r e s p o n d i n g  
v e l o c i t i e s  when a 300 l b  payload  i s  c a r r i e d  are 324 
and 1 0 0  f t / s e c .  

A t h r u s t / w e i g h t ,  (F/W), r a t i o  of a p p r o x i m a t e l y  two 
a p p e a r s  t o  be n e a r  t h e  optimum r e l a t i v e  t o  b a s e l i n e  
LFU r a n g e  c a p a b i l i t y  and p r o p u l s i o n  s y s t e m  t h r o t t l i n g  
r equ i r emen t  ( F i g u r e  X V I I ) .  I f  s i p g l e  e n g i n e  o p e r a t i o n  
o f  a d u a l  e n g i n e  sys tem i s  n o t  a mandatory s a f e t v  
req.uirement , t h e  n e c e s s a r v  p roDul s ion  t h r o t t l i n g  r a t i o  
i s  l e s s  t h a n  f i v e  w i t h  a F/W r a t i o  o f  two.  

With  a s e m i - b a l l i s t i c  t r a j e c t o r y ,  a g r e a t e r  p e r c e n t a g e  
r a n g e  l o s s  i s  e x p e r i e n c e d  w i t h  an  i n c r e a s i n g  number o f  s t o p s .  For  
t h e  b a s e l i n e  LFU t h i s  loss i s  5 0 %  for a two s t o p  s o r t i e  a s  compared 
w i t h  a. one s t o p  t r i p .  Maximum r a n g e  f o r  t h i s  t r a j e c t o r y  i s  88% o f  
optimum c o n s t a n t  v e l o c i t y - c o n s t a n t  a l t i t u d e  t r a j p c t o r y  r ange  f o r  a 
s i n g l e  s t o p  round t r i D .  

g u i d a n c e  and c o n t r o l  ecluipment t h a n  t h e  c o n s t a n t  v e l o c i t y -  
c o n s t a n t  e l e v a t i o n  t r a j e c t o r y  and i s  t h u s  l e s s  s u i t e d  t o  a 

The s e m i - b a l l i s t i c  t r a j  e c t o r v  r e a u i r e s  more comDlex 
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minimal  LFU development and q u a l i f i c a t i o n  program. For  l o n g  
t r i p  segments  t h e  h i g h  v e l o c i t i e s  and h i g h  maximum o r d i n a t e s  
p r e s e n t  s i g n i f i c a n t  a s t r o n a u t  h a z a r d s  i n  t h e  e v e n t  o f  an i n -  
f l i g h t  m a l f u n c t i o n .  Af t e r  a p a r t i c u l a r  t r a j e c t o r y  segment 
f l i g h t  has been i n i t i a t e d ,  an i n - f l i g h t  r ange  r e d u c t i o n  i s  
n o t  p o s s i b l e  wi thou t  waste o f  v e h i c l e  v e l o c i t y  inc remen t  
c a p a b i l i t y .  

The a n a l y s i s  does  n o t  c o n s i d e r  any i n a b i l i t y  o f  t h e  
a s t r o n a u t  / v e h i c l e  sys tem t o  m a i n t a i n  c o n s t a n t  a t t i t u d e  d u r i n g  
a s c e n t  and d e s c e n t  or c o n s t a n t  a l t i t u d e  d u r i n g  h o r i z o n t a l  
f l i g h t .  Hover ing  d u r i n g  l a n d i n g  or t a k e - o f f  and l a n d i n g  a t  
non-optimum ( l e s s  t h a n  maximum) t h r u s t  were no t  c o n s i d e r e d .  
The sum of t h e s e  f a c t o r s  could  s i g n j f i c a n t l y  r educe  t h e  
r a n g e  as p r e d i c t e d  by t h e  deve loped  e q u a t i o n s .  

A c u r r e n t  p r e d i c t i o n  f o r  t h e  s t r u c t u r a l  and p r o p u l s i o n  i n e r t  
we igh t  i s  190 l b  r a t h e r  t h a n  1 5 0  l b .  A s u i t e d  a s t r o n a u t ' s  
we igh t  i n c l u d i n g  a p o ~ t a h l e  llfe suppc r t  s y s t e m  i s  cUrre11tl.y 
e s t i m a t e d  a t  370  l b  r a t h e r  t h a n  3 0 0  l b .  To o b t a i n  t h e  p e r -  
formance i n d i c a t e d  f o r  t h e  l i g h t e r  b a s e l i n e  v e h i c l e  w i t h  
c u r r e n t  weight  e s t i m a t e s ,  app rox ima te ly  2 9 0  lb of  p r o p e l l a n t  
r a t h e r  t h a n  230 l b  w i l l  have t o  b e  p r o v i d e d .  

The b a s e l i n e  v e h i c l e ' s  weight  e s t i m a t e s  a re  o p t i m i s t i c ,  

P l i n e a r i z e d  range .approximation f o r  t h e  c o n s t a n t  
ve l o c i  t y -  cons t a n t  a l t i t u d e  t ra j e c t  ory w i t h  many s t op s has been  
deve loped  (Appendix I ) .  
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APPENDIX I 

CONSTANT ALTITUDE - CONSTANT VELOCITY TRAJECTORY,  

LINEARIZED ANALYSIS 

For a many s t o p  s o r t i e ,  t h e  amount o f  D r o p e l l a n t  
expended i n  a t r i p  segment w i l l  b e  small  compared w i t h  t h e  
t o t a l  v e h i c l e  mass a t  t h e  i n i t a t i o n  o f  t h r u s t i n g .  T h i s  
s i t u a t i o n  a l l o w s  t h e  e x p r e s s i o n s  I n  (1 - m t / M )  t o  be 
approximated  by t h e  f i r s t  t e rm o f  t h e  s e r i e s  e x p a n s i o n .  
Us ing  t h i s  t e c h n i q u e  t h e  e q u a t i o n s  o f  S e c t i o n  5 . 0  may be  
s i g n i  f i c a n t  l y  simp li f i e  d . 

By u s e  o f  (lg), t r a . j e c t o r y  a l t i t u d e  i s  

By u s e  c f  (20), powered d e s c e n t  t i m e  i s  

tA Mficos 9 
t., = 

u 
C O S  e M o i  

By u s e  of  (24), c o a s t  a s c e n t  t i m e  i s  

By u s e  of  (21.1), c o a s t  d e s c e n t  t i m e  i s  
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I f  t h e  amount of  p r o p e l l a n t  expended i n  t h e  ith segment of  
N s t o p  s o r t i e  i s  M hove r  t i m e  may be  de t e rmined  from ( 1 7 ) .  
For  a many s t o p  s o r t i e  t h e  denominator  t e r m  m t A  may b e  i g n o r e d  
i n  comparison w i t h  M oi. 

P i '  

Hover t i m e  may t h u s  be w r i t t e n  

and P i  + 'fi where Moi = M 

M P = 2 M  P i  
1 

= Mo -) M 
Mo?L P i  

1 

T o t a l  f l i g h t  t ime a t  t he  c o n s t a n t  h o r i z o n t a l  v e l o c i t y ,  
Vx,  i s  ( tcA + tH + tcD).  If the  h o r i z o n t a l  v e l o c i t y  i s  assumed 
t o  be developed  by  a c o n s t a n t  a c c e l e r a t i o n ,  the  h o r i z o n t a l  
d i s t a n c e s  t r a v e l e d  d u r i n g  the a c c e l e r a t i o n -  and r e t r o  p h a s e s  
are Vx t A / 2  and Vx t D / 2  where 

Vx = C cos  $I m tA/Moi  

The r a n g e  segment Ri i s  
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After  s u b s t i t u t i o n  of  p r e v i o u s l y  deve loped  t e r m s ,  a l g e b r a i c  
s i m p l i f i c a t i o n  and u s e  of t h e  a s sumpt ion  8 = 4 .  * 

The a s c e n t  t i m e  f o r  maximum range  i s  

nn 

The c o r r e s p o n d i n g  optimum f l i g h t  a l t i t u d e  f o r  maximum range  
can  b e  de t e rmined  from t h e  above e q u a t i o n  and t h e  f i r s t  
e q u a t i o n  l i s t e d  i n  t h i s  appendix .  

t r a v e l e d  d i s t a n c e .  
Summation of a l l  t h e  r ange  segments  y i e l d s  t h e  t o t a l  

N 

Comparison w i t h  t h e  n u m e r i c a l  r e s u l t s  o f  S e c t i o n  5 . 0  
shows a r a n g e  e r r o r  of approx ima te ly  -9 .5% for t h e  b a s e l i n e  LFU 
on a round t r i p  ( $ = 3 0 °  and V x = l O O  f t / s e c ) .  
s i g n i f i c a n t l y  d e c r e a s e  w i t h  a n  i n c r e a s i n g  number of  s t o p s .  The 
c o r r e s p o n d i n g  error i n  optimum powered a s c e n t  t i m e  f o r  maximum 
r a n g e  i s  abou t  5 % .  

T h i s  e r r o r  w i l l  

*Numerical  c a l c u l a t i o n s  from S e c t i o n  5 . 0  show t h e  maximum 
a n g u l a r  d i f f e r e n c e  ( $ - e )  t o  b e  <4.5'  f o r  a round t r i p .  
i n c r e a s i n g  number of s t o p s ,  t h i s  a n g u l a r  d i f f e r e n c e  d e c r e a s e s .  

With an 
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